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Abstract
We study CPT and Lorentz violation in the tau-lepton sector of the Standard Model in the
context of the Standard-Model Extension, described by a coefficient which is thus far unbounded
by experiment. We show that any non-zero value of this coefficient implies that, for sufficiently
large energies, standard-model fermions become unstable against decay due to the emission of a
pair of tau-antitau leptons. We calculate the induced fermion energy-loss rate and we deduce the
first limit on the Lorentz- and CPT-violating coefficient.
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I. INTRODUCTION
Lorentz symmetry is a fundamental ingredient in both the Standard Model and Gen-
eral Relativity. Nevertheless, various candidate theories of quantum gravity suggest Lorentz
violation (LV) may occur at the Planck level [1]. Consequently, there have been exten-
sive searches for Lorentz-violating signals. Many of these studies use a general effective-
field-theory framework called the Standard-Model Extension (SME) [2, 3]. It contains all
LV gauge-invariant effective operators that can be built from the conventional Standard-
Model fields, coupled to vector and tensor coefficients that parametrize the LV. Within
the SME, consistency requirements such as gauge invariance, stability and causality can be
maintained [4]. The SME also contains all CPT-violating operators, because in any local
interacting quantum field theory CPT violation (CPTV) implies LV [5]. The SME allows
us to quantify, in the most general possible way, the exactness of Lorentz and CPT symme-
try in the form of observational constraints on the Lorentz-violating coefficients (LVCs) [6].
Such restrictions on LV and CPTV may be used as a guide in finding the correct theory of
quantum gravity.
It is generally safe to assume the LVCs, if nonzero, will be very small. Consequently,
they will generally produce very small effects in certain physical quantities. However, there
are also cases in which LVCs allow certain processes to take place that are normally forbid-
den. In earlier work [7] we showed how a CPT and LV operator in the sector of weak gauge
bosons results in the possibility that at sufficiently high energy fermions that couple to these
gauge bosons can emit on-shell W bosons, resulting in their decay. As such emissions should
be able to occur for normally stable particles such as the proton, this opens the possibility
to bound the relevant SME coefficient by considering the fact that protons are present in
Ultra-High-Energy Cosmic Rays (UHECR).
In this work we consider a similar decay process for an incoming (low-mass) fermion,
in which the latter is taken to emit a tau-antitau lepton pair through an intermediate gauge
boson (a photon or a Z boson), losing energy in the process. Normally this process is, of
course, forbidden in phase space. For an elementary fermion (e.g. an electron) it can never
occur because of energy conservation. For a hadron one might imagine it could occur if
the emission provokes the decay of the hadron into other particles. Nevertheless, such a
scenario is impossible for the proton, because baryon number conservation imposes that in
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the final decay products there has to be at least one (stable) baryon, which has at least
the mass of the proton. In this paper we will assume that the propagation of the gauge
boson is described by its usual Lorentz-symmetric Lagrangian, while the kinetic Lagrangian
for the tau lepton is taken to include a CPT and LV vector coefficient bµ which is so far
unbounded by experiment. As we show, the presence of this coefficient will change the
dispersion relation of the tau and antitau leptons in such a way that the fermion decay
becomes possible in phase space above a certain (large) threshold energy of the incoming
fermion. This threshold energy is inversely proportional to the size of the components of the
LV coefficient bµ, which we will suppose to be very small. In other words, we will assume
the Earth-bound frame is concordant [8].
A bound on bµ can be obtained by applying this process to the proton. The presence
of protons in UHECRs implies their stability at least up until the energy for which they are
observed. One crucial step is the demonstration that the decay rate associated with this
process is sufficiently large to exclude the possibility that the proton would have survived
the trip from their astrophysical source to the Earth even when its momentum exceeds the
threshold for tau-antitau emission.
This paper is organized as follows. In section II we analyze the kinetic Lagrangian of
the tau lepton in the presence of the Lorentz- and CPT-violating bµ coefficient and determine
the dispersion relation and the properties of the spin states. In section III we analyze the
kinematics of the emission of a tau-antitau pair by an elementary fermion in the presence of
a bµ coefficient in the kinetic term of the tau lepton. In section IV we evaluate the emission
rate of this process in two regimes of the momentum for an incoming high-energy Dirac
fermion. This result is extended to the case of a proton in section V. Finally, observational
data from UHECRs are used to produce a bound on the components of the bµ coefficient.
II. THE LORENTZ-VIOLATING MODEL
We consider the following kinetic Lagrangian describing the Standard Model tau lep-
ton:
LLV = ψ¯(i/∂ + /bγ5 −mτ )ψ , (1)
where the constant four-vector bµ parametrizes a LV and CPT-violating operator in the tau
sector within the context of the Standard-Model Extension [2, 3]. It can either be timelike,
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lightlike, or spacelike.
The energy-momentum tensor of the field ψ is given by
T µν =
∂L
∂(∂µψ)
∂νψ − ηµνL . (2)
Since ∂µT
µν = 0 follows from Noether’s theorem applied to invariance under spacetime
translations, we have two conserved quantities: the Hamiltonian and the physical momen-
tum:
H =
∫
d3x T 00 =
∫
d3x H =
∫
d3xψ¯
(
i~γ · ~∂ + γ5/b +mτ
)
ψ , (3)
P i =
∫
d3x T 0i =
∫
d3x iψ†∂iψ =
∫
d3x pi∂iψ , (4)
where
pi =
∂L
∂(∂0ψ)
= iψ† , (5)
is the canonical momentum. From the Euler-Lagrange equation we get the following Lorentz-
violating equation of motion for ψ:
(iγµ∂µ − bµγ5γµ −mτ )ψ = 0 . (6)
From this equation of motion, or from Eq. (3), we derive that:
i∂0ψ = γ0(i~γ · ~∂ +mτ + γ5/b)ψ ≡ Hˆ[i~∂]ψ . (7)
First, notice that Hˆ[i~∂] is hermitian. It therefore has real eigenvalues, i.e., all energies are
real.
If we use the ansatz ψ(x) = W (~λ)e−iλ·x, the equation of motion for the spinors becomes
(/λ− γ5/b −mτ )Wα(~λ) = 0 with α ∈ {1, . . . , 4}, or equivalently
γ0(/λ− γ5/b −mτ )Wα(~λ) = (λ0 − Hˆ[~λ])Wα(~λ) ≡ Λα(λ)Wα(~λ) , (8)
with Λα(λ) = λ
0−ωα(~λ), where ωα(~λ) are the roots of the dispersion relation. This dispersion
relation is given by
(λ2 −m2τ − b2)2 − 4(λ · b)2 + 4λ2b2 = Λ˜+(λ)Λ˜−(λ) = 0 . (9)
Here Λ˜±(λ) = λ2 − m2τ − b2 ± 2
√
(λ · b)2 − b2λ2, where Λ˜+(λ) and Λ˜−(λ) each have two
nondegenerate roots. We will take the roots α = 1, 3 to correspond to Λ˜+ = 0, and the roots
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α = 2, 4 to Λ˜− = 0. (Below, we will see that α = 1, 2 will correspond to particle states,
α = 3, 4 to antiparticle states.) In fact, it is not hard to see that
4∏
α=1
Λα = Λ˜+Λ˜− . (10)
The Wα(~λ) satisfy the off-shell eigenvalue equation (8), as well as the on-shell equation:
Hˆ[~λ]Wα(~λ) = ωα(~λ)W
α(~λ) . (11)
Since the operator on the left-hand side of Eq. (8) is hermitian, it has four orthogonal
eigenvectors Wα(~λ):
Wα(~λ)†W β(~λ) = δαβNα(~λ) , (12)
with Nα(~λ) a real and positive normalization factor to be chosen later. A straightforward
analysis shows that this implies that
(/λ−mτ − γ5/b)−1 = Adj(
/λ−mτ − γ5/b)
det(/λ−mτ − γ5/b)
=
4∑
α=1
Wα(~λ)W
α
(~λ)
Nα(~λ)Λα(λ)
, (13)
with W
α
(~λ) = Wα(~λ)†γ0. Since det(/λ−mτ − γ5/b) =
∏4
α=1 Λα(λ), we find that
Wα(~λ)W
α
(~λ) =
Nα(~λ) Adj(/λ−mτ − γ5/b)∏
β 6=α Λβ(λ)
⌋
λ0=ωα(~λ)
=
Nα(~λ) Adj(/λ−mτ − γ5/b)
4(λ2 −m2τ + b2)λ0 − 8(b · λ)b0
⌋
λ0=ωα(~λ)
,
(14)
where the last identity follows from taking the derivative of both sides of Eq. (10) with
respect to λ0. One can also verify that
Adj(/λ−mτ − γ5/b) = (/λ+mτ − γ5/b)(λ2 −m2τ − b2 − 2iγ5σµνbµλν) (15)
with σµν = i
2
[γµ, γν ]. Notice that it follows easily from the equation of motion that
2iγ5σµνbµλνW
α(~λ) = −(λ2 −m2τ − b2)Wα(~λ) . (16)
Therefore, the spinors Wα(~λ) are eigenstates, with eigenvalues ±1, of the CPT-violating
operator
P = iγ
5σµνbµλν√
(λ · b)2 − λ2b2 , (17)
where all quantities are put on the relevant mass shell. For purely timelike bµ, P can be
seen to correspond to sgn(b0) times the helicity operator. We take the spinors to satisfy
PWα(~λ) = −(−1)αWα(~λ) , (α = 1, . . . , 4) . (18)
5
We now take the normalizations for the spinors to be
Nα(~λ) =

∣∣∣∣∣∣ ∂Λ˜+(λ)∂λ0
⌋
λ0=ωα(~λ)
∣∣∣∣∣∣ for α = 1, 3 ;∣∣∣∣∣∣ ∂Λ˜−(λ)∂λ0
⌋
λ0=ωα(~λ)
∣∣∣∣∣∣ for α = 2, 4 .
(19)
Since the denominator in Eq. (14) is equal to ∂
∂λ0
(
Λ˜+(λ)Λ˜−(λ)
)
, we see that
Wα(~λ)W
α
(~λ) =

Adj(/λ−mτ − γ5/b)
2(λ2 −m2τ − b2)
⌋
λ0=ωα(~λ)
for α = 1, 2 ;
− Adj(/λ−mτ − γ
5/b)
2(λ2 −m2τ − b2)
⌋
λ0=ωα(~λ)
for α = 3, 4 .
(20)
By using Eq. (15) and the equation of motion it is then easy to see that
W
α
(~λ)Wα(~λ) =
 2mτ for α = 1, 2 ;−2mτ for α = 3, 4 . (21)
The dispersion relation (9) is invariant under λ → −λ. So for each positive solution
λ0 = ω(~λ) there is another negative solution λ0 = −ω(−~λ). As usual we take these to
correspond to particle and antiparticle energies. We label the particle energies by a u and
the antiparticle energies by a v, while we differentiate between helicity states by a ± sign,
corresponding to the eigenvalue of the operator P . It follows that:
Eu+(~p) = E
v
−(~p) = ω1(~p, b) = −ω3(−~p, b) ,
Eu−(~p) = E
v
+(~p) = ω2(~p, b) = −ω4(−~p, b) .
(22)
The corresponding redefined spinors are u+(~p) = W
1(~p), u−(~p) = W 2(~p), v+(~p) = W 4(−~p),
and v−(~p) = W 3(−~p).
Notice that the labels of the antiparticle states in (22) have flipped sign because of the
sign change under the identification λµ → −pµ, in accordance with the fact that P flips sign
when λµ does. This obviates the fact that corresponding particle and antiparticle states
have different energies, in accordance with the CPT-violating nature of the Lagrangian
LLV. Viewed this way, the equalities Eu±(~p) = Ev∓(~p) in (22) could be considered rather
coincidental in the presence of CPT and Lorentz violation. For instance, in the presence of
an additional CPT-violating aµ coefficient these equalities cease to hold [2].
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FIG. 1. Feynman diagram for the photon-mediated emission process of a τ−, τ+ pair with Lorentz-
violating dispersion relation by a Dirac fermion of incoming momentum p and outgoing momentum
p′.
To the first no trivial order in the LV coefficient, the particle energies (22) can be easily
evaluated and, for arbitrary bµ, they are given by
Eu± = E
v
∓ =
√
~λ2 +m2τ ∓
√(
b0
√
~λ2 +m2τ − ~λ ·~b
)2
− b2m2τ√
~λ2 +m2τ
. (23)
Exact expressions for the energy can be written down for the cases b0 = 0, ~b = 0 or b
0 = ±|~b|
(see [2], where also explicit expressions for the corresponding eigen-spinors are derived), but
we will not need them in this work.
III. KINEMATICS
We aim to calculate the rate at which a high-energy Dirac fermion with mass m emits
a pair tau-antitau described by the Lagrangian (1). As a first step, we take the process to
be mediated by a photon. The corresponding Feynman diagram is indicated in figure 1.
In the standard Lorentz-symmetric case, this process is forbidden by energy-momentum
conservation. However, we will assume that the tau and anti-tau leptons in the final state
are described by the CPT and LV Lagrangian (1). This implies the modified dispersion
relations defined by Eqs. (22). In the following we will see that these imply the possibility of
the emission process to proceed at sufficiently high energy for the incoming fermion, at least
if we take the final spin states such that the tau and anti-tau have spacelike four-momentum.
Let us denote the momenta of the incoming and outgoing fermion by p and p′, and
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those of the tau and anti-tau by k and k′. We parametrize the 3-momenta as follows:
~p = (0, 0, p); ~p ′ = (−(kx + k′x),−(ky + k′y), λp) ,
~k = (kx, ky, αp); ~k
′ = (k′x, k
′
y, βp) ,
(24)
with 0 < α, β, λ < 1 and α + β + λ = 1.
As we will be interested in the limit in which the incoming momentum p becomes
ultra-relativistic, we approximate the corresponding dispersion relations by
p0 ≈ p+ m
2
2p
,
p′0 ≈ λp+
(kx + k
′
x)
2 + (ky + k
′
y)
2 +m2
2λp
,
k0± ≈ αp+
k2x + k
2
y +m
2
τ
2αp
− (−1)αkξb,k ,
k′0± ≈ βp+
k′x
2 + k′y
2 +m2τ
2βp
− (−1)αk′ξb,k′ .
(25)
Here the parameter ξb,k is of the order of the size of the components of the LV coefficient b
µ.
More precisely,
ξb,k = |b0 − |~b| cos(θkb)| , (26)
where θkb is the angle between the vectors ~k and ~b. A similar identity holds for ξb,k′ . We see
from (26) that ξb,k depends on b
µ and the relative orientation of ~k and ~b. The parameters
αk and αk′ take the values 1 or 2, indicating the helicity state of the tau and anti-tau (see
section II).
The parametrization (24) assures 3-momentum conservation. A supplementary condi-
tion comes from energy conservation p0 = p
′
0 + k0 + k
′
0, which yields, at lowest nontrivial
order, the relation
(−1)αkξb,k + (−1)αk′ξb,k′ + m
2
2p
=
(kx + k
′
x)
2 + (ky + k
′
y)
2 +m2
2λp
+
k2x + k
2
y +m
2
τ
2αp
+
(k′x)
2 + (k′y)
2 +m2τ
2βp
. (27)
This condition can only be satisfied if the spin states are chosen such that the first two terms
are each chosen to be positive, so that (−1)αkξb,k = |ξb,k| and (−1)αk′ξb,k′ = |ξb,k′ |. In other
words, the tau-antitau emission can only take place when the latter are each in particular
helicity states.
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Under this condition, we can now determine what is the minimum, threshold value of
the incoming momentum p for which condition (27) can be satisfied. It is not hard to verify
that this happens when
kx = k
′
x = ky = k
′
y = 0 , α = β =
mτ
m+ 2mτ
. (28)
Thus, at the threshold value the outgoing tau and antitau leptons move in exactly the same
direction as the incoming fermion, and thus all momenta are collinear. This in turn means
θkb = θk′b = θpb = θp′b (at threshold), (29)
and thus
ξb,k = ξb,k′ ≡ ξb,p (at threshold). (30)
Using this we conclude from Eqs. (27) and (28) that
pth =
mτ (mτ +m)
|ξb,p| . (31)
It will be useful for the following to determine the energy loss of the fermion with
momentum p > pth. In order to do so, it is useful to go to the ”brick-wall” observer frame
in which the four-momentum-transfer q = k+ k′ = p− p′ imparted on the incoming fermion
is purely space-like, and thus no energy, only three-momentum is transferred. That such a
frame exists can be seen from the fact that both the tau and anti-tau must have spacelike
momentum for the emission to be possible [7]. In this frame the tau dispersion relation dips
to negative energies for a certain momentum range.
By analyzing the process in this frame and transforming back to the concordant frame
one finds that the incoming fermion suffers an energy loss of at least
∆Emin =
m2τ
|ξb,p| ∼ pth . (32)
Another interesting result that can be extracted is that the three-momentum transfer
in the brick-wall frame is of order
m2τ
γ|ξb,p| , (33)
where γ equals the gamma factor associated with the Lorentz transformation to the brick-
wall frame. At threshold the denominator in (33) is of order mτ , of the same order or
larger than the fermion rest mass. On the other hand, for ultra-high momenta p pth the
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product γ|ξb,p| will generally be much larger than mτ , yielding a very small (non-relativistic)
momentum transfer. In this case the brick-wall frame corresponds practically to the fermion
rest frame.
IV. EMISSION RATE
In order to be able to draw relevant physical conclusions about the emission process,
we need to estimate the rate of emission. The decay rate is given by
Γ =
1
2p0
∫
d3k
(2pi)3Λ′(k)
d3k′
(2pi)3Λ′(k′)
d3p′
(2pi)32p′0
|M|2(2pi)4δ(4)(p− p′ − k − k′) , (34)
where the squared matrix element |M|2 is summed (averaged) over the final (initial) fermion,
but not over the final tau and anti-tau states. The unconventional factors
Λ′(p) =
∂Λ±(p)
∂p0
, (35)
in the denominator define a (positive-definite) normalization in which the phase space and
the matrix element are separately observer Lorentz invariant [9], i.e., invariant under simul-
taneous Lorentz transformations of the momenta and the LV four-vector. Explicit observer
Lorentz covariance of the formalism will allow us to transform to convenient observer frames
later on.
The matrix element corresponding to the tree level process mediated by the photon is
given by
iM = u¯(p′)(ieγµ)u(p)−iηµν
q2
u¯τ (k
′)(−ieγν)vτ (k) . (36)
Here u(p) and u(p′) are conventional Dirac spinors, q = k + k′ = p − p′ is the transferred
momentum, while uτ (k
′) and vτ (k) are described by the Lorentz and CPT-violating kinetic
Lagrangian (1). It follows from (36) that the emission rate (34) can be written as
Γ =
1
2p0
∫
d3k
(2pi)3Λ′(k)
d3k′
(2pi)3Λ′(k′)
8pie4
q4
Lµντ Wµν , (37)
where
Lµντ = Tr [u¯τ (k
′)γµvτ (k)v¯τ (k)γνuτ (k′)] (38)
and
Wµν =
1
8pi
∫
d3p′
(2pi)32p′0
Lfermionµν (2pi)
4δ(4)(p− p′ − k − k′) (39)
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with
Lfermionµν =
1
2
∑
spins
Tr [u¯(p′)γµu(p)u¯(p)γνu(p′)] . (40)
As it turns out, evaluating the decay rate for general values of the incoming momentum
is technically prohibitively complicated. Fortunately, it is sufficient for our purposes to
estimate the order of magnitude of the rate. We have been able to do evaluate the rate in
two regimes: a) when the incoming fermion momentum p is just above threshold, and b)
in the asymptotic regime, when the incoming fermion momentum is much larger than the
threshold value.
We will first consider case a), corresponding to the conditions (28) on the momenta
of the particles. Just above threshold, the matrix element squared |M|2 associated with
the Feynman diagram in Fig. 1 does not vary strongly. Thus, we can evaluate its value at
threshold and obtain
Γ ≈ e
4
(2pi)5
1
2p0
[
1
Λ′(k)
1
Λ′(k′)
1
2p′0
|M|2
]∣∣∣∣
th
∫
d3kd3k′d3p′δ(4)(p− p′ − k − k′) , (41)
where th is defined by the conditions in Eqs. (28). By using the fact that the tau and antitau
satisfy the modified dispersion relations (25), as well as the following identity for the spinor
bilinears
uiτ (k)u¯
i
τ (k) =
(/k +m− γ5/b)(k2 −m2 − b2 − 2iγ5σµνbµkν)
2(k2 −m2 − b2) , (42)
and
viτ (k)v¯
i
τ (k) =
(/k −m+ γ5/b)(k2 −m2 − b2 + 2iγ5σµνbµkν)
2(k2 −m2 − b2) , (43)
which follow from Eqs. (20) and (15), one can derive that[
1
Λ′(k)
1
Λ′(k′)
1
2p′0
|M|2
]∣∣∣∣
th
=
2
p3
(
mτ
m
)2
1
(αβ)2
∣∣∣∣
th
=
2
p3
(m+ 2mτ )
4
m2m2τ
+O
(
ξ2
p3m2
,
m
p4
)
. (44)
Moreover, one can show that∫
d3kd3k′d3p′δ(4)(p− p′ − k − k′) = p3 m
11/2m3τ
(m+ 2mτ )13/2
pi3R4 , (45)
where
R2 = ∓4|ξb,p|p
m2
− 4mτ (m+mτ )
m2
, (46)
so that
Γ =
2pi3e4
(2pi)5
m
7
2mτ
(m+mτ )
5
2
R4
p
. (47)
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Taking p = a pth, it then follows that
Γ ≈ e
4|ξb,p|
pi2
m2τ√
m(m+mτ )3
(a− 1)2θ(a− 1) . (48)
Now let us consider case b) for which the scale of the incoming fermion momentum
p is much larger than the threshold momentum for tau-antitau emission, or, equivalently,
that |ξb,p|  mτ (mτ +m)/p. In this case, we see from the energy conservation relation (27)
that we can expect that the transverse momenta of the outgoing particles should scale as√|ξb,p|p. For this reason we introduce the rescaled, dimensionless transverse momentum
variables
k˜x,y =
kx,y√|ξb,p|p , k˜′x,y = k
′
x,y√|ξb,p|p . (49)
Note that the transverse momentum components of the outgoing fermion can be expressed
in terms of k˜x,y and k˜
′
x,y by three-momentum conservation.
In order to perform the calculation of the emission rate below, we now make the
approximation that the identities (29) hold approximately in the asymptotic (p  pth)
limit. This will be the case because the transverse (x, y) components of ~k and ~k′ scale as the
square root of the incoming momentum p, while the parallel (z) component is proportional
to p. Thus, the tau and anti-tau are emitted in a small forward cone along the incoming
momentum. This means that we can take ξb,k ≈ ξb,k′ ≈ ξb,p as fixed quantities in the
dispersion relation.
Taking now the high-p limit, maintaining terms at lowest order in 1/p, it follows that
|M|2 = 16m
2
τe
4(1− α− β)
αβ
|ξb,p|pK(1 + (1− α− β)2) +m2(α + β)4
(|ξb,p|pK +m2(α + β)2)2 , (50)
where we have introduced
K = (k˜x + k˜
′
x)
2 + (k˜y + k˜
′
y)
2 . (51)
The expression for the asymptotic decay rate becomes
Γ =
e4m2τ |ξb,p|2p3
(2pi)5
∫
dα dβ dk˜x dk˜y dk˜
′
x dk˜
′
y
α2β2
× |ξb,p|pK(1 + (1− α− β)
2) +m2(α + β)4
(|ξb,p|pK +m2(α + β)2)2 δ(p− p
0 − k0 − k′0) . (52)
The integral over the transverse momenta can now be performed, and the resulting expression
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can be cast into the form
Γ =
2e4m2τ
(2pi)3p
∫ a−12 −1
a1
dz
(
z
1 + z
)[
− ln (a2(1 + z))
2
+ ln
(√
1− a1
z
+
√
1− a1
z
− a2(1 + z)
)]
×
[
−1 + 1
2
(
(z + 1)2 + z2
z(1 + z)
)
ln
(
z
a1
)]
+O
(
1
p
)
, (53)
where we introduced the parameters
a1 =
m2
4|ξb,p|p , a2 =
m2τ
|ξb,p|p , (54)
which tend to zero in the large-p limit. For the case in which m and mτ are of the same
order, both a1 and a2 are of order pth/p.
While exact analytic evaluation of the z-integral in (53) is not feasible, one can deduce
that the dominant contribution is of the form
− ln(a2)
a2
(
C1 + C2 ln(a1a2)
)
, (55)
for some dimensionless constants C1 and C2 (here we excluded the prefactors in (53)).
Numerical fitting of the z-integral in (53) to the formula (55) confirms that an excellent fit
can be obtained. In Table I we list fitted values for C1 and C2 as a function of the ratio
a1/a2 C1 C2
0.025 2.5211 0.00759
0.138875 1.9721 −0.00060
0.25 1.7969 −0.00341
1.00 1.4097 −0.01004
2.5 1.1738 −0.01442
TABLE I. Fitted values of the parameters C1 and C2 in formula (55) as a function of the ratio
a1/a2. The value a1/a2 = 0.138875 corresponds to taking for m the proton mass. The value
a1/a2 = 2.5 corresponds to taking for m ten times the tau mass.
a1/a2 = m
2/(4m2τ ). In obtaining the fit, we took a = p/pth distributed logarithmically along
the range 102 < a < 1010. It follows that
Γ ∼ 2e
4|ξb,p|
(2pi)3
(− ln(a2))(C1 + C2 ln(a1a2)) . (56)
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We see that the asymptotic form of the rate is proportional to |ξb,p| times a quadratic
expression in terms of ln(a).
In conclusion, a charged fermion will start emitting tau-antitau pairs if its momentum
p exceeds a certain threshold value pth. The emission rate is of the form
Γ =
e4|ξb,p|
2pi2
G(a)θ(a− 1) = 8α2|ξb,p|G(a)θ(a− 1) , (57)
(with α the fine-structure constant) for a function G(a) that satisfies
G(a) ≈

2m2τ√
m(m+mτ )3
(a− 1)2, if a− 1 1 ;
1
2pi
(− ln(a2))(C1 + C2 ln(a1a2)), if a 1 .
(58)
From the expressions (48) and (56) we find that if O(|ξb,p|) ∼ 10−10 GeV, corresponding
to the bound we will find later on, the typical decay time is
tp ∼ 10−11 s . (59)
Moreover, it was shown at the end of the previous section that the emission process implies
an energy loss of at least m2τ/(2|ξb,p|) ∼ pth. It follows that for such values of |ξb,p| all
fermions in a decay cascade will fall below threshold within at most a× 10−11 s.
V. THE PROTON
The analysis in the previous sections applies to an incoming fundamental charged Dirac
fermion. In fact, of more practical interest to us will be the case of an incoming composite
particle such as the proton. In applying the formalism developed in the previous sections to
an incoming proton, a few adaptations are necessary.
First of all, the tensor Wµν in expression (39) now applies to the photon coupling to
the proton and becomes
W µν =
1
8pi
∑
σ
∑∫
X
〈p(p, σ)|Jν(−q)|X〉〈X|Jµ(q)|p(p, σ)〉 , (60)
where |p(p, σ)〉 is a proton state with momentum p and spin σ, Jµ(p) is the hadronic cur-
rent, and
∑∫
X
represents a sum over the possible hadronic final states X along with the
corresponding integrations over phase space.
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Insight into the final hadronic state can be gained from the discussion at the end of
section III. As it was argued there, for incoming momenta far above the threshold pth (that
is, for a  1), the momentum transfer ~k + ~k′ in the rest frame of the fermion will be tiny.
This means the impact of the tau-antitau emission on the proton will be small so that it
will remain intact. That is, the final state |X〉 corresponds to a (ground-state) proton. The
applicable hadron current Jµ then can be written with the usual proton structure functions:
Jµ(q) = e u¯(p′)
[
F1
(
q2
)
γµ +
κ
2m
F2
(
q2
)
iσµνqν
]
u(p) (61)
where the proton anomalous magnetic moment κ = 1.79. Also, as q will be tiny, we can take
the limits F1(0) = F2(0) = 1. Thus, the only change with respect to the calculation of the
rate as compared to the case of a fundamental Dirac fermion will be the F2 term. However,
as the latter is proportional to the momentum transfer components qν , it can be expected
to be very small compared to the first term, and can be safely ignored. We conclude that
for ultra-high proton momenta p  pth, the emission rate is given by expression (34) and
that the energy of the proton will cascade down as described at the end of section IV.
As we saw in section III, for momenta close to the threshold for emission, the momen-
tum transfer in the brick-wall frame will become of the order of the proton rest mass. As a
consequence, it is more adequate to consider the tau-antitau emission as a (deeply) inelastic
process, resulting in the breakup of the proton. In this case we can use the parton model to
evaluate W µν in expression (60). This essentially involves calculating the decay rate of an
elementary quark that carries a fraction x of the longitudinal proton momentum. We can
thus use many of the results obtained for the elementary fermion rate. For a pedagogical
introduction to parton-model calculations, we refer to Ref. [10].
The resulting emission rate in the context of the parton model becomes
Γ =
e4|ξb,p|
2pi2
∑
q
∫ 1
0
dx
(
fq(x) + f¯q(x)
)
G˜eeq (ax)θ(ax− 1) . (62)
Here the functions fq(x) and f¯q(x) are the parton distributions functions (PDFs) for the
quarks and antiquarks of flavor q, respectively, representing the probability of finding a quark
with momentum fraction x inside the proton. The PDFs are assumed to be independent of
p2, which is a good approximation to leading order in the strong coupling constant. The
function Gq(ax) corresponds to the absolute-value squared of the first term in (63), and is
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FIG. 2. Feynman diagram for the emission process of a tau-antitau pair by a proton of incoming
momentum p, mediated by a photon or a Z boson.
equal to the function (58) with the substitution m → xm, and an extra multiplication by
the square of the quark charge fraction.
As the integral over x in Eq. (62) runs up to 1, the maximum momentum of the parton
involved in the emission of the tau-antitau pair equals that of the incoming proton itself.
As a consequence the threshold proton momentum for tau-antitau emission will be given by
formula (31), where m is to be identified with the proton mass. At such values of x close
to 1, the proton PDFs for valence quarks decay to zero approximately as a constant times
(1 − x)cq with cu ≈ 4 and cd ≈ 5 [11]. As a consequence, the integral over x in Eq. (62)
yields decay rates just above threshold that are suppressed as compared to the situation in
which the proton would have been an elementary particle.
Finally, we note that in the above we only considered the emission process in which
the tau-antitau emission is mediated by a virtual photon. In fact, there is the additional
possibility that the emission takes place with an intermediate Z boson instead (see Fig. 2).
This means that the transition amplitude M is given by the sum of two terms:
iM = 〈X|ieJµEM(q)|p(p, σ)〉
−iηµν
q2
u¯τ (k
′)(−ieγν)vτ (k)
+ 〈X|igJµZ(q)|p(q, σ)〉
−iηµν
q2 −m2Z
u¯τ (k
′)(−ig
2
γν)
(
cτV − cτAγ5
)
vτ (k) . (63)
Here JµEM corresponds to the electromagnetic current considered in (60) and in the previous
sections, while JµZ applies to the current coupling to the Z boson. In the context of the
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parton model, the emission rate will now be of the form
Γ =
|ξb,p|
2pi2
∑
q
∫ 1
0
dx
(
fq(x) + f¯q(x)
)(
e4G˜eeq (ax) + g
4G˜ggq (ax) + e
2g2G˜egq (ax)
)
θ(ax− 1) , (64)
where the function G˜eeq (ax) is the same as Gq(ax) in Eq. (62), while the terms with G˜
gg
q
and G˜egq correspond to the absolute-value squared of the second term in (63), and a cross
(interference) term, respectively. They can be expected to be of the same general form as
Geeq (ax). For our purposes it is not necessary to compute them explicitly, as we will only
need a lower bound on the emission rate. It is sufficient to note that the additional terms are
independent expressions proportional to the independent quantities g4 and e2g2, and thus a
cancellation would imply an extreme finetuning between Geeq , G
gg
q and G
eg
q (the latter would
have to be negative).
In fact, note that in the asymptotic limit p  pth the momentum transfer qµ in
the brick-wall frame is very small. This means that the Z-boson propagator will be very
suppressed compared to the photon propagator, which implies in turn that the decay rate
will be dominated by the photon exchange diagram for p pth.
VI. OBSERVATIONAL LIMITS FROM ULTRA-HIGH-ENERGY COSMIC RAYS
We can obtain a bound on |ξb,p| by observing that a cosmic-ray proton that has an
energy below threshold has zero probability to disintegrate by tau-antitau emission, and can
thus reach Earth unimpeded. However, with an energy above threshold, the proton can emit
tau-antitau pairs, possibly disintegrating eventually, until all protons in the decay cascade
have fallen below threshold . This means that it cannot reach Earth if its mean free path is
much smaller than the distance D from its source to Earth.
Since many ultra-high-energy cosmic-ray (UHECR) particles with energies above
57 EeV ≡ |~p|obs have been observed, coming more or less from all directions [12], we can
take it as a first estimate for the lower bound for Eth. It follows that
|ξb,p| < mτ (mτ +m)|~p|obs ≈ 8.5× 10
−11 GeV . (65)
This bound can only be relaxed if the mean free path of protons above threshold is not
much smaller than D. From Eq. (62) we see that the mean lifetime of protons (in Earth’s
frame) tp is still proportional to |ξb,p|−1, but is enhanced, mainly by the minute values of
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the PDFs at large x. A very conservative estimation that comes from comparing to the
elementary-fermion decay time (59) (involving only photon exchange) gives a mean free
path of
L ' c tp × 1015 ≈ 3× 109 km (66)
which is of the order of the size of the solar system. Clearly, in such a scenario, protons with
an energy above threshold will not be able to reach Earth from any viable UHECR source.
We thus obtain a bound on all four components of the LVC:
|bµ| < 8.5× 10−11 GeV . (67)
We note that we have to assume that at least some of the detected UHECRs are protons
and that these have a sufficient spread in arrival direction. Although the mass content of
the UHECRs, in particular at high energies, is still largely unexplored [13], it seems very
unlikely that such a significant low-mass component is completely absent. Moreover, even
if this were the case, one can calculate a decay rate equivalent to Eq. (62), by using nuclear
PDFs [14]. Since L  D by many orders of magnitude, none of this will change our result
in Eq. (67).
VII. CONCLUSION
In this paper, we investigated Lorentz and CPT-violation in the electroweak sector.
In particular, we focussed on a hitherto unbounded Lorentz-violating coefficient in the tau
sector of the Standard-Model Extension. By considering the emission of tau-antitau pairs
by high-energy particles in the context of UHECR observations leads to a new bound on the
coupling bµ in the tau sector of about 10−10 GeV. Our method relies on the fact that any
hypothetical Lorentz violation in the tau sector parametrized by the bµ coefficient turns a
process that is normally forbidden in phase space possible for sufficiently high momentum. It
is worth pointing out that formula (65) can be applied to the muon and the electron sectors
as well, under the substitutions mτ → mµ and mτ → me. This leads to the noncompetitive
bounds 1.9× 10−12 GeV and 8.4× 10−15 GeV for the components of the bµ parameter in the
muon sector and the electron sector, respectively. However, we do expect that it should be
possible to derive new and/or competitive bounds on other SME coefficients, either in the
tau sector or for other particles, by applying this method.
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